We examine the impact of balanced-budget labor income taxes on the existence of expectationdriven business cycles in a two-sector version of the Schmitt-Grohé and Uribe (SGU) [18] model with constant government expenditures and counter-cyclical taxes. Our results show that the destabilizing impact of labor income taxes strongly depends on the capital intensity difference across sectors. Local indeterminacy is indeed more likely when the consumption good sector is capital intensive, as the minimal tax rate decreases, and less likely when the investment good sector is capital intensive, as the minimal tax rate increases. The implication of this result can be quantitatively significant. Indeed, when compared to SGU, local indeterminacy can be either completely ruled out for all OECD countries when the investment good is sufficiently capital intensive, or drastically improved, delivering indeterminacy for a larger set of OECD countries, if the consumption good is sufficiently capital intensive. Focusing however on recent estimates of the sectoral capital shares corresponding to the empirically plausible case of a capital intensive consumption good, we find that there is a significant increase of the range of economically relevant labor tax rates (from a minimum tax rate of 30% to 24.7%) for which local indeterminacy arises with respect to the aggregate formulation of SGU.
Introduction
Since the last financial crisis and the difficulty to control public deficit and public debt, a large debate has focused on the necessity to impose balanced-budget rules to governments. But as initially shown by Schmitt-Grohé and Uribe (SGU) [18] , 1 such a rule is likely to amplify business cycles and instability by generating expectation-driven fluctuations. SGU in particular focus their analysis on constant government expenditures financed from distortionary labor income taxes in a standard aggregate infinite-horizon model. The balanced-budget rule implies that the tax rate is endogenous, non-linear and countercyclical with respect to its tax base. The distortionary nature of the tax rate is related to the fact that households consider it as given. SGU then find empirically plausible conditions justifying the existence of local indeterminacy and stationary sunspot equilibria in the US economy. A simple intuition can explain this result. Suppose that agents expect an increase of the future labor tax rate. For any given capital stock, this implies a decrease of future hours worked and thus of the expected rental rate of capital. Investment and thus the current labor supply are decreased leading to a fall of current output. The labor income tax rate being counter-cyclical, the current tax rate increases, justifying the initial expectation which is then self-fulfilling.
In a two-sector model, there is no longer any perfect substitution between consumption and investment. Moreover, a two-sector formulation generates two types of amplification effects: a real effect through the Rybczynski theorem showing that an increase in the quantity of a factor leads to a more than proportional increase of the output of the good that uses that factor intensively, and a price effect through the Stolper-Samuelson theorem showing that an increase in the price of one sector's output leads to a more than proportional increase in the price of the factor used intensively in that sector. The previous mechanism occurring in an aggregate setting may thus be strongly amplified or mitigated by price effects, and the plausibility of the conditions leading to the existence of expectation-driven fluctuations affected as a result. Our aim in this paper is then to study the existence of local indeterminacy under labor income taxes in a two-sector version of the SGU model as a function of the capital intensity difference across sectors. 2 The question is to know whether the conditions provided by SGU in the aggregate formulation are improved or worsened by disaggregating the economy between two sectors. It is indeed fundamental (from a policy design perspective) to have the best understanding of the role of indeterminacy for business cycle fluctuations in a large class of models.
3 While 1 See also Abad et al. [1] for similar results under more general preferences and technologies. 2 Huang et al. [11] also explore the impact of labor income taxes under a balanced-budget rule in a two-sector sector closed economy. However, as they are mainly interested in studying the small economy configuration, they do not provide any analysis of the conditions for local indeterminacy in terms of the capital intensity difference across sectors. 3 Under the same preferences as in SGU, Ghilardi and Rossi [9] consider a CES technology instead of a Cobb-Douglas and show that aggregate instability is less likely when capital and labor are weak substitutes. Considering a discrete-time formulation of the SGU model, Anagnostopoulos and Giannitsarou [2] show that there is a large range of economically relevant labor tax rates (from 30% to 38%) for which local indeterminacy is ruled out with respect to the continuous-time formulation.
modern macroeconomic theory relies a lot on aggregate models, multi-sector formulations have recently been increasingly considered in the literature as they provide additional important mechanisms to explain macroeconomic instability.
4
Considering two-sector models under balanced-budget rules has already appeared has providing a source of additional mechanisms increasing the occurrence of aggregate instability. Indeed in her seminal contribution, Giannitsarou [8] raised an important debate with respect to SGU showing that if consumption taxes are used instead of labor income taxes to finance government expenditures, the steady state remains a saddle-point and local indeterminacy does not arise. The key policy implication derived by Giannitsarou is then that endogenous fluctuations under a balanced budget rule can be avoided when consumption taxes are mixed with labor income taxes.
Since the introduction of a consumption or a labor income tax affects in a similar way the consumption-leisure trade-off, the Giannitsarou "surprising" result has suggested the necessity to study the robustness of this no-indeterminacy conclusion, in particular in a multi-sector version of the economy. 5 Nishimura et al. [16] have shown that the consideration of a two-sector structure has a dramatic impact on the local stability properties of the steady state. Indeed, no matter the sign of the capital intensity difference across the two sectors and still using the preference formulation of Giannitsarou [8] , expectation-driven fluctuations easily occur under consumption taxes, even in the case where both sectors have the same capital share which is usually considered to be equivalent to the aggregate formulation. Actually, in a two-sector setting with non-linear endogenous consumption taxes considered as externalities, a price distortion between consumption and investment occurs through the Stolper-Samuelson theorem and amplifies the impacts of tax expectations on production decisions leading to self-fulfilling beliefs and sunspot fluctuations.
In this paper, our main results also exhibit a strong but more complex effect of price distortions on the existence of aggregate instability under balanced-budget labor income taxes. Considering the same fundamentals' formulation as in SGU but plugged into a two-sector model, we show that local indeterminacy is obtained for both sectoral capital intensity configurations but appears to be more likely when the consumption good sector is capital intensive, as the minimal labor income tax rate above which local indeterminacy occurs is decreased, and less likely in the converse case with a capital intensive investment good sector, as the minimal labor income tax rate increases. The implication of this result can be quantitatively significant. Indeed, when compared to SGU, local indeterminacy can be either completely ruled out for all OECD countries when the investment good is sufficiently capital intensive, or drastically improved, delivering indeterminacy for a larger set of OECD countries, if the consumption good is sufficiently capital intensive. Focusing however on recent estimates of the sectoral capital shares corresponding to the empirically plausible case of a capital intensive consumption good, we find that there is a significant increase of the range of economically relevant labor tax rates (from a minimum tax rate of 30% to 24.7%) for which local indeterminacy arises with respect to the aggregate formulation of SGU. As it is standard in two-sector models, the intuition for these results relies on the differentiated impacts on relative prices and outputs of an initial expectation of increasing labor income tax rate depending on the capital intensity difference across sectors. Our conclusions therefore suggest that the design of a tax policy under a balanced-budget rule has to be carefully determined from a precise knowledge of the sectoral capital and labor shares.
The rest of the paper is organized as follows. Section 2 presents the model and the intertemporal equilibrium. In Section 3 we discuss the existence and multiplicity of steady states through the Laffer curve, we normalize the reference steady state located in the increasing part of the Laffer curve and we provide the characteristic polynomial. Section 4 contains our main results and provides economic intuitions. Section 5 discusses the empirical relevance of our conclusions comparing the conditions for local indeterminacy to recent estimates of labor income tax rates for the main OECD countries. Section 6 concludes and all the proofs are gathered in a final Appendix.
The model

The production structure
We consider an economy producing a consumption good y 0 and a capital good y. Each good is produced by capital k j and labor l j , j = 0, 1, through a Cobb-Douglas production function. The representative firm in each industry indeed faces the following technology:
with α, β ∈ (0, 1). A firm in each industry maximizes its profit given the price of the consumption good (the numeraire) which is normalized to 1, the price of the investment (capital) good p, the rental rate of capital r and the wage rate w. The first order conditions give
We call a ij the input coefficients. Considering that total labor is given by ℓ = l 0 + l 1 , and the total stock of capital is given by k = k 0 + k 1 , the factor market clearing equation is directly obtained from the input coefficients as defined by (2) . We get a 00 (w) a 10 (r)
From (2), substituting the expressions of (k j , l j ), j = 0, 1, into the production functions (1) and solving with respect to p gives the factor-price frontier, which provides a relationship between input prices and the capital output price. We get 1
It follows from (3) and (4) that at the equilibrium, the wage rate and the rental rate are functions of the price of the capital good only, i.e. w = w(p) and r = r(p), while outputs are functions of the capital stock, total labor and the price of the capital good, y 0 =ỹ 0 (k, ℓ, p) and y =ỹ(k, ℓ, p).
Profit maximization in both sectors gives demands for capital and labor as linear homogeneous functions of the capital stock, the output of the investment good and total labor, namelyk j = k j (k, y, ℓ),l j = l j (k, y, ℓ), j = 0, 1. The production frontier is then
Note that T (k, y, ℓ) is a linear homogeneous function. From the envelope theorem we get
Government
In our simple neoclassical economy, as in SGU, the only source of government revenue is a labor income tax supported by the households, government purchases are constant and neither affect the consumers' preferences nor the production function, the initial stock of public debt is zero, and the government is subject to a balanced-budget requirement. The level of public spending G satisfies the following standard national income identity
with the gross investment i(t) =k(t) + δk(t) and δ ≥ 0 the rate of depreciation of capital. However, in order to simplify the analysis, we assume that the government spending is used to produce a public good that is consumed by the households, possibly providing utility in an additively separable way, and thus does not affect the dynamic properties of the equilibrium. 7 As a result, the government spending is stated in terms of the consumption good and satisfies y 0 (t) = c t + G so that the investment good is as usual equal to private investment
The government expenditure is equal to the total tax revenue Ω (t) generated by the tax rate τ applied to labor income w(t)ℓ(t) following the balanced-budget rule:
The government spending being constant, the tax rate is actually endogenous and satisfies
As in SGU, it is therefore counter-cyclical with respect to its tax base. 6 It is worth recalling that due to concavity of technologies, the price of the investment good is an increasing function of the investment good output, i.e. ∂p/∂y = ∂T 2 /∂y = −T 22 (k, y, ℓ) > 0. This property will be useful for deriving intuitions explaining our main conclusions. 7 Considering an exogenous distribution of the government expenditure across the two sectors such that y 0 (t) = c t + µG, y(t) = i(t) + (1 − µ)G/p and µ ∈ (0, 1), does not affect our main conclusions but prevent from deriving clear-cut analytical results.
Households' behavior
The economy is populated by a large number of identical infinitely-lived agents. We assume without loss of generality that the total population is constant and normalized to one. At each period a representative agent supplies elastically an amount of labor ℓ ∈ (0,l), withl > 1 his time endowment. He derives utility from consumption c and leisure L =l − ℓ according to an additively separable function U(c, BL), where B > 0 is a scaling parameter, such that
We consider the same simple formulation as in SGU with a log-linear utility function characterized by a unitary elasticity of intertemporal substitution in consumption and indivisible labor as in Hansen [10] . We assume as in SGU that the representative household considers as given the whole path of the labor income tax rate which then acts as an externality. The intertemporal optimization problem is given by:
where ρ ≥ 0 is the discount rate.
Intertemporal equilibrium
The Hamiltonian in current value is given by:
with q(t) the co-state variable which corresponds to the utility price of the capital good in current value and λ(t) the Lagrange multiplier associated with the Government budget constraint. The first order conditions of problem (10) are given by the following equations:
Mixing equations (11) and (12) gives
As shown in Section 2.1, we have w = w(p) r = r(p), y =ỹ(k, ℓ, p) and (15) that describes the labor-leisure trade-off at the equilibrium, we express the labor supply as a function of the capital stock and the output price, ℓ = ℓ(k, p). Then, we
Considering (7) and (11)- (14), the equations of motion are finally derived aṡ
Any solution {k(t), p(t)} t≥0 that satisfies the transversality condition
is called an equilibrium path.
3 Steady state and characteristic polynomial
Multiplicity of steady states and Laffer curve
A steady state is defined as a pair (k * , p * ) solution of the dynamical system (16):
Let us denote κ = k/ℓ the capital-labor ratio. We can prove in a first step:
There exist unique values of κ * and p * such that y(k
Proof : See Appendix 7.1.
However, given κ * and p * , nothing guarantees the uniqueness of ℓ * , c * = c(ℓ * ) and k * = k(ℓ * ). The multiplicity of steady states is actually related to the existence of a Laffer curve. Using the balanced-budget rule (8) , and considering given κ * and p * , a steady state can be defined by a solution (τ * , ℓ * ) satisfying:
We then derive the following multiplicity result:
Proposition 2. For given κ * and p * , there existτ ∈ (0, 1) andĜ > 0 such that there are two steady states (τ * , ℓ * ) and (τ * * , ℓ * * ) such that 0 < τ * <τ < τ * * < 1 if and only if G ∈ (0,Ĝ).
As illustrated on Figure 1 , it follows as in SGU that there exist two steady states provided government spending is not too large, i.e. G =G <Ĝ. Figure 1 : Laffer curve and multiple steady states Note that τ * belongs to the increasing part of the curve while τ * * is in the decreasing part.
A normalized steady state
We use now the scaling parameter B > 0 in order to ensure the existence of a normalized steady state (NSS in the sequel), such that ℓ * = 1, k * = κ * and c * = c(1), which is associated to the tax rate τ * located in the increasing part of the Laffer curve. Proof : See Appendix 7.3.
Remark 1 : Using a continuity argument we derive from Proposition 3 that there exists an intertemporal equilibrium for any initial capital stock k(0) in the neighborhood of κ * .
In the rest of the paper we will exclusively focus on the empirically relevant case where the NSS is located in the increasing part of the Laffer curve considering that τ <τ .
Characteristic polynomial
Linearizing the dynamical system (16) around the NSS gives:
Any solution of (16) that converges to the NSS satisfies the transversality condition (18) and is an equilibrium. Therefore, given k(0), if there is more than one initial price p(0) in the stable manifold of the NSS, the equilibrium path from k(0) will not be unique. In particular, if J has two eigenvalues with negative real parts, there will be a continuum of converging paths and thus a continuum of equilibria. The NSS is locally indeterminate.
The eigenvalues of J are given by the roots of the characteristic polynomial
Local indeterminacy requires therefore that D > 0 and T < 0. Obviously saddle-point stability is obtained when D < 0 while total instability holds if D > 0 and T > 0.
Local (in)determinacy with labor income taxes
Our aim is to study the possible existence of local indeterminacy, i.e. business cycle fluctuations based on self-fulfilling prophecies. As initiated by Benhabib and Nishimura [5, 6] , the analysis in two-sector models is based on capital intensity differences across sectors. From the input coefficients defined in Section 2.1, we get the following definition:
It is well-known that if labor income taxes are set equal to zero, the NSS is saddle-point stable for any capital intensity difference. We now study the local stability properties of the NSS under labor income taxes. We first introduce some restrictions on the main structural parameters that are in line with the empirical estimates. Following the usual practice in the Real Business Cycle literature, we set ρ = 0.01, implying a net annual return on capital of around 4%, and δ = 0.025, implying a 10% annual depreciation rate of physical capital. In a two-sector model with consumption and investment, sectoral capital shares α, β are typically between 25% and 40% of GDP in industrialized economies. The following Proposition states necessary conditions that may hold for any capital intensity configuration, and even in the limit case with identical technologies in the two sectors, i.e. β = α. We need however to introduce the following Assumption considering the additional boundτ ≡ ζ * /(ζ * + bc * ) which affects the sign of the determinant D and the Trace T , and the fact that an indisputable upper bound for the labor income tax rate is 50%:
In the limit case with β = α, Assumption 2 implies thatτ = 0.5 as in SGU. We then get: Proposition 4. Let Assumptions 1 and 2 hold, and G ∈ (0,Ḡ) . Then, there exists τ ∈ (0,τ ) such that a necessary condition for the local indeterminacy of the NSS and the existence of expectation-driven fluctuations is given by τ ∈ (τ ,τ ), with lim α→β τ = β.
Proof : See Appendix 7.4.
It is worth noting that when the two sectors have identical technologies with β = α, we get as in SGU that τ = β, i.e. the minimal tax rate is equal to the share of capital income into GDP. We may then prove the following general result: Theorem 1. Let Assumption 1 hold and G ∈ (0,Ḡ). Then, the NSS is saddle-point stable when τ ∈ [0, τ ) and locally indeterminate with the existence of expectation-driven fluctuations when τ ∈ (τ ,τ ).
Proof : See Appendix 7.5.
Theorem 1 holds for any sign of the capital intensity difference (β − α). But the important question is to understand how the value of the lower bound on the tax rate τ above which local indeterminacy occurs varies as a function of (β − α). We get the following strong result: Corollary 1. Let Assumptions 1 and 2 hold, and G ∈ (0,Ḡ). Then, the lower bound τ decreases and local indeterminacy is more likely when the consumption good sector is capital intensive (i.e. (β − α) < 0), while the lower bound τ increases and local indeterminacy is less likely when the investment good sector is capital intensive (i.e. (β − α) > 0).
Corollary 1 implies that, with respect to the SGU formulation with β = α, the range of tax rate values for which local indeterminacy arises is increased when the consumption good sector is capital intensive and reduced when the consumption good sector is labor intensive.
A simple intuition can explain this result. Let us recall as a reference point the intuition for the existence of expectation-driven fluctuations in the aggregate framework of SGU. Suppose that agents expect an increase of the future labor tax rate. For any given capital stock, this implies a decrease of future hours worked and thus of the expected rental rate of capital. Investment and thus the current labor supply are decreased leading to a fall of current output. The labor income tax rate being counter-cyclical, the current tax rate increases, justifying the initial expectation which is then self-fulfilling.
In a two-sector model, the mechanism is different and depends on the capital intensity difference across sectors. Amplification or mitigation effects can indeed occur as, beside output effects now driven by the Rybczynski theorem, there are also relative price variations from the Stolper-Samuelson theorem. Consider first the case of a capital intensive investment good sector, i.e. (β − α) > 0, and suppose that agents expect an increase of the future labor tax rate. For any given capital stock, future hours worked still decrease. The Rybczynski theorem then implies that the expected output of the investment good sector increases more than proportionally while the output of consumption good sector decreases. The associated decrease of expected consumption generates an increase of current consumption, and thus of the current consumption good output, in order to smooth utility over time. These output variations are obtained from an increase of the current labor supply. But at the same time, there is a price effect through the Stolper-Samuelson theorem. The associated decrease of the current investment good output implies a decrease of its utility price p which generates a less than proportional increase of the current wage rate. Adding the labor and wage effects generates an increase of the current wage income wl if the capital intensity difference (β − α) is large enough and thus a decrease of the current labor income tax rate, contradicting the initial expectation. Indeterminacy is then in this case less likely.
Consider finally the case of a capital intensive consumption good sector, i.e. (β − α) < 0, and suppose that agents expect an increase of the future labor tax rate, again leading, for any given capital stock, to a decrease of future hours worked. The Rybczynski theorem now implies that the expected output of the investment good sector decreases while the output of consumption good sector increases more than proportionally. As future consumption increases, current labor and consumption decisions are weakly affected. At the same time, through the Stolper-Samuelson theorem, the decrease of the investment good output now implies a decrease of its utility price p and a more than proportional decrease of the wage rate which reinforces the initial labor effect. As a whole, this mechanism generates a decrease of the expected wage income wl and thus an increase of the labor income tax rate, justifying the initial expectation which is then self-fulfilling. Indeterminacy is then in this case more likely.
Remark 2 : Our results appear to be quite robust with respect to our simplified specification. First, it can be shown that the existence of expectation-driven fluctuations is obtained under a non-unitary elasticity of intertemporal substitution in consumption (EIS) ǫ c as long as it is contained into an intermediary interval which contains 1, namely ǫ c ∈ (ǫ c ,ǭ c ) with 0 < ǫ c < 1 <ǭ c . The intuition for such a conclusion is quite standard. Sunspot fluctuations require at the same time a large enough EIS to allow the representative agent to accept consumption fluctuations over time but a not too large one in order to keep the consumption variations compatible with the expectations and the equilibrium conditions. Second, the existence of local indeterminacy also occurs if a non-trivial exogenous distribution of the government expenditure across the two sectors, such that y 0 (t) = c t + µG, y(t) = i(t) + (1 − µ)G/p with µ ∈ (0, 1), is considered. While such a more general formulations prevents from deriving clear-cut analytical results, numerical simulations clearly shows that the existence of sunspot-fluctuations is obtained under basically the same parameterization of the model. Remark 3 : The existence of sunspot-fluctuations in a two-sector model with a balanced-budget rule has also been studied with government expenditure financed through a consumption tax rate. Giannitsarou [8] has initially shown that in an aggregate model with additively separable preferences, contrary to wage income taxes, a consumption tax does not destabilize the economy. Nishimura et al. [16] have shown that such a conclusion does not survive to the consideration of a two-sector structure. Indeed, no matter the sign of the capital intensity difference across the two sectors, expectation-driven fluctuations can occur under consumption taxes and additively separable preferences. However, local indeterminacy also appears to be more likely if the consumption good sector is more capital intensive than the investment good sector. The intuition again relies on the price effect through the Stolper-Samuelson theorem but the result depends strongly on the value of the EIS which has to be larger than empirically relevant values.
A numerical illustration
Let us now provide a simple quantitative exercise comparing our results with empirically relevant labor income tax rates for the main OECD countries as provided by Mendoza et al. [14, 15] , and more recently by McDaniel [13] and Volkerink and De Haan [21] . Table 2 : τ as a function of β and α As can be seen from line 1 in Table 2 , when the consumption good sector is capital intensive with the lowest value for (β − α), τ = 0.184 and almost all OECD countries are characterized by sunspot fluctuations. On the contrary, we conclude from line 4 that when the investment good sector is capital intensive with the largest value for (β − α), τ = 0.4 and sunspot fluctuations are ruled out for all OECD countries. As a reference point, it is worth noticing that in the aggregate framework of SGU, τ = 0.3, namely the aggregate share of capital income into GDP, and only half of the OECD countries are characterized by the existence of local indeterminacy. Considering a capital intensive consumption good sector then strongly improves the plausibility of sunspot fluctuations in OECD countries.
There are only few papers that study the capital intensity difference of two-sector economies with consumption and investment goods, 10 so that it remains difficult to claim that a definitive conclusion can be reached. All of them however tend to conclude that the consumption good sector is capital intensive. Valentinyi and Herrendorf [20] in particular provide estimates of the sectoral capital shares such that α = 0.35 and β = 0.28. Using these values, we find τ = 0.247 implying that except for usual countries characterized by quite low labor income tax rates, more than 50% of the OECD countries we consider may be subject to expectation-driven fluctuations due to the balanced-budget rule. When compared to the conditions of SGU where τ = 0.3, we find here that there is a significant increase of the range of economically relevant labor tax rates (from τ ∈ (0.3, 0.5) to τ ∈ (0.247, 0.5)) for which local indeterminacy arises.
Concluding comments
This paper revisits the issue of aggregate instability and expectation-driven business cycles under a balanced-budget fiscal policy rule based on labor income taxes. The new feature of our approach is to consider a two-sector economy with consumption and investment goods. Our results show that the destabilizing impact of labor income taxes initially exhibited by SGU in a standard aggregate model strongly depends here on the capital intensity difference across sectors. We prove indeed that local indeterminacy is more likely when the consumption good sector is capital intensive (i.e. (β − α) < 0), as the minimal labor income tax rate above which local indeterminacy occurs decreases, and less likely when the investment good sector is capital intensive (i.e. (β − α) > 0), as the minimal labor income tax rate increases. The implication of this result can be quantitatively significant. Indeed, when compared to SGU, local indeterminacy can be either completely ruled out for all OECD countries when the investment good is sufficiently capital intensive, or drastically improved, delivering indeterminacy for a larger set of OECD countries, if the consumption good is sufficiently capital intensive.
Focusing finally on estimates of the sectoral capital shares by Valentinyi and Herrendorf [20] corresponding to the empirically plausible case of a capital intensive consumption good sector, we find that, when compared to the conditions of SGU, there is a significant increase of the range of economically relevant labor tax rates (from a minimum tax rate of 30% to 24.7%) for which local indeterminacy arises. Our conclusions therefore suggest that the design of a tax policy under a balanced-budget rule has to be carefully determined from a precise knowledge of the sectoral capital and labor shares.
Appendix
Proof of Proposition 1
Maximizing profit subject to the private technologies (1) gives the first order conditions
Considering the steady state with y * = δk * and r * δ + ρ)p * , we get
Using the production function (1) for the investment good we derive
Finally we obtain from (24):
Considering (26), (27) and
Equation (24) with (27) gives
Considering then the fact that r * = (δ + ρ)p * implies
Moreover, using the fact that consumption is given by c = y 0 − G, we get after straightforward computations
For reference, note that at the steady state
and that ζ * = 1−δa 11 a 00 (1−δa 11 )+δa 01 a 10 (32)
Proof of Proposition 2
Consider equations (20) and (21) and the expressions of κ * and p * as given in the proof of Proposition 1. Substituting (30) into (21) and solving for the labor supply gives
Substituting this expression into (20) and solving for G gives
and we get G(τ ) = 0 when τ = 0 or 1. Then there exists a uniqueτ ∈ (0, 1), namelŷ
such that G ′ (τ ) = 0 and thus a unique associated maximal value of G = G(τ ) denotedĜ. It follows that for any given G ∈ (0,Ĝ), there exist two steady states (τ * , ℓ * ) and (τ * * , ℓ * * ) such that 0 < τ * <τ < τ * * < 1.
Proof of Proposition 3
To establish the existence of the normalized steady state with ℓ * = 1 associated with the stationary tax rate τ = τ * in the increasing part of the Laffer curve, we have to prove the existence and uniqueness of a solution B * (τ * ) solving equation 21 with w(p * ) = w * as given by (29). Obviously we get
We need also to check that the steady state values of capital and consumption are positive when ℓ * = 1. From (28) and (30), this is the case if
The result follows denotingḠ = min{Ĝ, G max }.
Proof of Proposition 4
Let b = (a 11 a 00 − a 10 a 01 ) the capital intensity difference across the two sectors. Using (2), we easily derive at the NSS that b = a 00 (β − α)/(δ + ρ)(1 − α) so that (β − α)b > 0. Total differenciation of the factor-price frontier (4) and the factor market clearing equation (3) gives at the NSS:
dr dp = a 00 b , dw dp = − dℓ dp , dy 0 dp = dc dp
dℓ dp
We finally need to compute dℓ/dp and dℓ/dk. Let us denote
We easily derive the following elasticities:
dw dp p * w * + dℓ dp p * ℓ * From equation (15) dℓ dp
Consider then the factor-price frontier (4). Solving for w gives:
The derivative dℓ/dp in (35) then becomes dℓ dp
It follows that
Substituting ( Consider the expression of D evaluated at the NSS corresponding to the steady state τ * in the increasing part of the Laffer curve. Focus first on the condition implying that the term ζ * − τ (ζ * + bc * ) is positive. There are two cases: either b is sufficiently negative to imply ζ * + bc * ≤ 0 and thus ζ * − τ (ζ * + bc * ) > 0, or b is positive or weakly negative to imply ζ * + bc * > 0 and ζ * − τ (ζ * + bc * ) > 0 if τ < ζ * /(ζ * + bc * ) ≡τ . In this last case, we can easily show that under Assumption 1,τ > 0.4 a value which is too high to be empirically relevant (see Table 1 above). If ζ * + bc * > 0, we then introduceτ ≡ min{τ ,τ } and assume τ <τ , while if ζ * + bc * < 0, we stick to the restriction τ <τ . This leads to Assumption 2.
Under Assumption 2, the numerator of D is then always positive. It follows that D > 0 if and only if its denominator is negative. To study the sign of this expression as a function of τ , we need first to consider the fact that at the NSS, c * = ζ * − G = ζ * − τ w * which implies that it is a degree-2 polynomial of τ such that P(τ ) = τ + αa 10 c * > 0
It is worth noting here that under τ <τ , B * (τ * ) > 1 and that
Using this property we get: i) when τ ∈ (0, τ ), we have D < 0 and the NSS is saddle-point stable; ii) when τ ∈ [τ ,τ ), we have D > 0, lim τ →τ T (τ ) = −∞, lim τ →τ T (τ ) < 0 and T ′ (τ ) > 0. It follows that D > 0 and T (τ ) < 0 for any τ ∈ [τ ,τ ) and the NSS is locally indeterminate.
Proof of Corollary 1
Let Assumptions 1 and 2 hold, and G ∈ (0,Ḡ). Tedious but straightforward computations allow to derive i) ∂τ /∂α < 0 for any given β ∈ (0.25, 0.4), ii) ∂τ /∂β > 0 for any given α ∈ (0.25, 0.4). The result follows.
